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The formulation and the solution in closed form of the first fundamental 

problem of the theory of elasticity for a. half-plane are considered for 

the case when stresses at infinity may attain any finite values, while 

the principal vector of external loading applied to the boundary of the 

medium, generally speaking. is not finite. The solution is constructed 

by the method of Muskhelishvili [ 1 1. 

1. Let the region S occupied by the elastic medium represent the lower 

half-plane y < 0 of the plane of the variable z = r + iy. The boundary of 

the region, the real x-axis. will be designated by I!.. The problem consists 

in determining the state of stress in the elastic half-plane S for given 

boundary external loadings. 

With regard to the components of stress, it will be assumed that they 

are bounded in the whole region S. More precisely. we will require that 

these components of stress approach definite finite limits which are in 

general different from zero as E approaches infinity along an arbitrary 

path. remaining within S. The rotation at infinity is assumed to be equal 

to zero. 

Let the boundary conditions be given in the form (see [ 1 I, p. 3461 

N (t) = a + ,fl (t), T(t) = b f fs (1) (Yzr= N, X,= T on L) (1) 

Here N and T are the normal and shear components of the external load- 
ing acting on the boundary of the medium, CZ, b are the given constants, 

and f,. f, are continuous functions of the abscissa t given on L, satisfy- 
ing for large 1 t / the conditions 

fl (t) = 0 (t-l), 12 (1) = 0 (t-l) PI 

As it will be seen in the following, the specification of the boundary 
condition (I) only is not sufficient for a unique determination of the 
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state of stress. More precisely, for the determinacy of the problem it is 

necessary, in addition to the quantities a and b, which represent the 

values of the components of stress Yy and Xy at infinity respectively, to 

prescribe also the value of the stress X, at infinity 

lim X,= c for /zj-+co 

Let us assume that the quantity c is given. Let 

y = fl (t)& 
f 

X = kft)dt 
s 

L L 

(3) 

(41 

We now require that the sought holomorphic functions @J(z) and y(z) be 

represented for large 1 z 1 in. the form 

Yfz)=~‘+,K--y F + 0 W1) 

a+c 
r=4, 1’ = -& (a - c) -j- ib 

(5) 

We supplement these conditions by the following ones 
(6) 

X + iY 
p (2) -= fz - -r lnz+o(1) +const, ~(z)=I”z+~lIIZ+D(If-tl.O1lst 

It is not difficult to prove that under the conditions formulated above, 
the problem yields a unique solution. 

Remark. In the well known book by Timoshenko, as an application of a 

general representation of Airy function in the form of infinite series of 

partial solutions of the bi-harmonic equation in a circular ring, the 

problem is considered regarding the stresses in the wedge, which is bound- 
i0 ed by the lines 8 = 0 and 8 = p (8 is the polar angle of the point z= re , 

0</3< Zn). with the boundary conditions ([ 2 1, Section 37) 

N=-q, T=O for S=O, N=T=O for 4=@ (‘1 

where 9 is a given constant. No other limitations, besides (7) are im- 

posed upon the sought state of stress. The solution of the problem is 

sought in the form 

@(z)=iClnz+B, Y(z) = B’+ 92’ (8) 

where B, C, B’, C’ are real constants to be determined. 

The substitution of (8) into the boundary conditions (71 yields a 

system of linear equations with respect to the sought constants, from 

which they may be uniquely determined. except in the cases 6 = n (the case 
of the half-plane) and p - tg @ = 0. 

In the two indicated cases a verification shows, the determinant of the 
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system vanishes. 

In the case p = n together with the solution ( ([ 2 1, p. 139. formula 

[d I), 

CD(‘) ==&l%-+, Y (2) = - & 

the problem admits also multiple solutions given by the formulas 

where A is an arbitrary real constant. It is easily seen that the quantity 

A influences only the component of stress Xx* which therefore must be 

subjected to some additional condition in order to insure uniqueness. 

As regards the case /3 - tg p = 0, here the solutions of type (8) do 

not exist at all. More precisely, the problem can be solved in terms of 

functions (8) only if p = 0, and the trivial solution has the form: 

@(z)=A(ilnz++ttg~), Y (2) = - A (i + tg 8) 

where A is an arbitrary real constant. 

2. In solving the formulated problem we shall follow ~uskhelishv~li, 

who indicated a simple solution in the case when a = b = c = 0 d 1 I, 
Section 93). 

On the boundary of the half-plane S, as is known, we shall have 

--- 
CD (t) + CD(t) f t@‘(t) + Y(t) = N- iT (10) 

Applying to both sides of the preceding equation the operation 

1 s dt 
fz------ t-2 

L 

where t is an arbitrary point on the region S. taking into account condi- 

tions (I), (5). and using the known properties of the Cauchy-type integral 

along an infinite line {[ 1 ] , Section 72)) we obtain 

uq+=L‘& - s f (t) dt 
t-2 ’ f (t) = fl (t) - if2 (t) 

L 
(11) 

Having determined Q(Z), the function Y(Z) may be found in an analogous 
manner by means of a passage to conjugate expressions, starting from the 

boundary conditions obtainable from (10). Taking (11) into account, we 
obtain 

(22) 
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On the basis af known properties of integrals of the type (11) t[ 1 1, 
Section 71) we conclude immediately that if the function f’(t) satisfies 

Hoelder’s condition on an arbitrary finite section of the straight line 

L, and the derivatives tf(t), t’f’( t) also satisfy Hoelder’s condition 

in the neighborhood of the infinite point, then the functions Q,(Z), u-‘(z) 

found above will satisfy all conditions of our problem. In particular, 

the functions a>, cp”, \v for large values of 1 z( will be of the form to be 

found from (5). The problem is solved. 
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